ISRAEL JOURNAL OF MATHEMATICS 123 (2001), 341-358

INTERPOLATION IN THE UNIT BALL OF C"

BY
BAO QIN L1*AND ENRIQUE VILLAMOR

Department of Mathematics, Florida International University
University Park, Miami, FL 33199, USA
e-mail: libaogin@fiu.edu and Villamor@fiu.edu

ABSTRACT
A necessary and sufficient condition is given for a discrete multiplicity
variety in the unit ball B,, of C" to be an interpolating variety for weighted
spaces of holomorphic functions in B,,.

1. Introduction

In this paper, we shall consider the interpolation problem for discrete multiplicity
varieties in the unit ball B,, of C” to be interpolating varieties for holomorphic
functions with growth conditions.

Let f be a holomorphic function in B,, and {{x} a discrete set in B,,. Then
we have the following Taylor expansion about each (j:

FR) =3 fua(z= )"

|7{=0
Here and throughout the paper
_ 1 aTf(G)
L TR, S

I:=(i1,...,in) € (Z*)" is a multi-index, Z* = {0,1,2,...}, and

| =iy +ip++in.
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Let {ms} be a sequence of positive integers. If for any multi-indexed sequence
{ak,1}keN,0<|1j<m, ©Of complex numbers satisfying a certain growth condition
(defined in §2) there exists a holomorphic function f in A=>°(B,,) such that

(1.1) fk,I = ag,I, for k € N, 0< |I| < mg,

where I = (i1,...,i,) € (Z7)™ is a multi-index, and A~>°(B,,) is the sapce of
holomorphic functions in B,, satisfing

(1-12)*f(2)l < B, z€Bn

for some constants A, B > 0, we will then say that V := {((x, m)} is an interpo-
lating (multiplicity) variety for A=>°(B,,). Note that the condition (1.1) means
that f has a prescribed finite collection of Taylor coefficients at each (x. In the
special case that my = 1 for all k, (1.1) simply means that f takes prescribed
values at each (.

Similar interpolation problems for weighted spaces of entire functions in C"
have been studied extensively due to its applications to other subjects such as
harmonic analysis and systems theory (see [BG2], [BL1], [BL2], [BT], [LV], [S],
etc.). Given a discrete set V = {(i} in C", a necessary and sufficient interpolation
condition in terms of the Jacobian of defining functions was found in [BL1] for V
to be an interpolating variety for the space A,(C™), the Hérmander algebra of
entire functions in C™ satisfying sup,ccn {e 4P*)|f(2)|} < +o0 for some A > 0
in the sense of Berenstein and Taylor ([BT]), where p is a plurisubharmonic weight
function in C™. It was showed in [M] that this condition can be carried over to
B,, for a discrete set {(x} in B, to be an interpolating variety for A=*°(B,,),
a class intensively studied when n = 1 (see e.g. [K]). Since in practice the
“multiplicity” often needs to be taken into account (cf. [BT]), it is natural to study
the interpolation problem and interpolation conditions for multiplicity varieties
V = {(Ck, mk)} in the unit ball B,,. When no multiplicity is involved, the notion
of interpolation variety in B,, for A=°(B,,) is the same as the one in C" for
A, (C™) with an obvious change in weight and domain. However, when one
consideres multiplicity problems, the situation will be different. The differences
will be pointed out in Section 2 and the interpolation problem for multiplicity
varieties will then be posed, which natually includes the usual problem without
multiplicity as a special case. A necessary and sufficient interpolation condition
will be given for a multiplicity variety V = {((x, mk)} to be an interpolating
variety for A=*°(B,,). The conditions obtained here, inspired by the approachs
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in [BT] and [LV] for interpolation in C", are given using the distribution of points
of V in the “tube”

(12)  S(F;e,C)i={z€Bn:|F(2)| == Q_Ifi(2)|})} < e - |2))°},
j=1

where F = (fi,..., fn) is a defining vector function with f; € A~*°(B,) and
€, C' > 0 are two constants. It turns out that a multiplicity variety V' = {({x, mx)}
in B,, is an interpolating variety for A~°°(B,,) if and only if there exist constants
¢,C > 0, and n holomorphic functions fi,..., f, in A7°°(B,,) such that these
functions vanish at each {; with multiplicity at least my, and each component
of the “tube” S(F;¢, C) defined as in (1.2), where F = (fi,..., fn), contains at
most one point (; and the diameter of such a component is not too “big” in a
certain sense (see Theorem 2.7). In the speacial case that my = 1 for all &, this
condition is equivalent to the existence of a lower bound on the Jacobian of F
(see Remark 2.8).

2. Prelimilaries and results

First of all, let us fix some notations, which will be used throughout the paper.

Definition 2.1: Let H(B,,) be the ring of all holomorphic functions in B,,. Then
we define

e
z€B, IOg T=T2]

A™>(B,) = {f € H(B,,) : sup log| /(=) < oo}

Note that it is not the specific growth conditions on the functions A~*°(B,)
which are important, but rather their consequences for the ring A~(B,).
The growth condition on the holomorphic functions implies that A=>*°(B,,) D
H*>(B,,), the space of bounded holomorphic functions in B,,, and that A=>°(B,,)
is closed under differentiation. The main theorem in the paper still holds if the
space A~°°(B,,) is replaced by the space

Ap(By) :={f e HB,): |f(z)| < AePPR) ;€ B, for some A, B > 0},

where p is a suitable function so that the calculation in the proof of the paper
can be carried out similarily. The space A~°°(B,,) is the union of the weighted
spaces

A7 :={f € H(B,): sup (1= [z)*|f ()| < o0}, >0,
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and also the union of the weighted Bergman spaces
Bayi={f € H(B,) / (1= |2))| () [Pdm(z) < 00}, a>—1,8> 0.
B,

It carries the natual topology as an inductive limit of Banach spaces.

Let f # 0 be a holomorphic function on an open connected neighborhood of
¢ € B,. Then a series f(z) = Y32, Pj(2 — () converges uniformly on some
neighborhood of ¢ and represents f on this neighborhood. Here P; is a homoge-
neous polynomial of degree j and P, # 0. The nonnegative integer v, uniquely
determined by f and ¢, is called the zero multiplicity, or zero divisor of f at (,
denoted by divs(().

Let V = {({x,mx)} be a multiplicity variety in B,; that is, a discrete set
{¢k} € By with [¢x| — 1 together with a sequence {mg} of positive integers.
Associated to V| there is a unique closed ideal in H(B,,),

J=J(V):={f € H(B,) : div(¢x) > m, Vk}.

Two holomorphic functions g, & in H(B,,) can be identified modulo J if and only
if
Mg(¢) _ 0Mh(¢)
= o<|I keN.
91 921 ) = } | < Mg, €
Here and throughout the paper, we use I to denote a muti-index; that is, I =
(i1,.--,in) € (Z7)™. The quotient space H(B,)/J can be identified to the space

H(V), the set of all sequences {ax,1}reN,0<|I|<m, ©Of complex numbers, which

can be described as “analytic functions ” on V. The map

M ()
pipf) = ozt }kEN,0§|I|<mk
is the natural restriction map from H(B,) into H(V).

The interpolation problem for A,(C"), the algebra of entire functions satis-
fying sup,ecn{e" 4P |f(z)]} < +oo for some A > 0, where p is a plurisub-
harmonic weight, is to study when the map p is surjective from A,(C") to
Ap(V), the set of “analytic” functions {a,r}ren o<izj<m, of H(V) satisfying
supen {€4P(k) Zln;(kz_ﬂl lak, 1|} < +oo for some A > 0. The corresponding in-
terpolation model for A=*°(B,,) in the unit ball B,, would be whether p is onto
from A=*(B,) to A,(V) with p =log 1+|z| in our consideration. However, this
is not the case. In fact, in the unit ball it is even no longer true that p is a map
from A=*(B,) to Ap(V), as shown by the following
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PROPOSITION 2.2: There exist a multiplicity variety V = {({x, mx)} in B, and
a f € A=°(B,,) such that for any A > 0,

mel ol
gl 3 [P

[1{=0
my—1 11 M1 £ (
> sup(t- 6 S (L -160) "2 o
keN |Tj=0 n

Thus, p(f) & Ap(V), where p = log I_—II?T However, for any 0 < X < 1/n and
A>1,

mip—1

M f(¢x)
- A — H| k
(2.1) sup (1~ [Ge) mz_o (AL = )| 722 | < o0
Proof: For the sake of convenience, we look at the case n = 1. Consider
the function f(z) = 1/(1 —2) € A=>(B,). Let V = {(¢x, mk)}, where (} =
1-1/k € B, and my, = 2%, k = 1,2,.... Then |f(¢x)/5!| = k*'. Thus for
any A > 0,

mE—1 o mg—1 )
sup (1—1¢h? Z 'apgfk l> sup( — |¢e))? Z (;1;(1— |Ck|))]‘fjj(!Ck)l
1j=0 §=0
2k_1

“m ()5 (e

kEN

2k 1

= sup k1~ AZl—

keN

However, for each 0 < A <1 and A > 1, we have

mp—1

;140 (c ) AN AV
sup(1 = 6Dt D0 (A1 =[Gl < sup (1) ;ﬂ(—) B+

yrd keN k

-—supklAZ/\J<oo [ |

kEN =

The above proposition shows that p(A~>°(B,)) is not a subspace of A,(V).
However, it leads us to ask if (2.1) is generally true for all f € A=°°(B,,) and mul-
tiplicity varieties V. It is indeed the case, as shown by the following Proposition
2.4, where [7®(V) is defined as follows.
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Definition 2.3: Let V = {((x, mi)} be a multiplicity variety in B,,. Then

mkl

I7(V) = {{ax,1}ren o< 11<m; :gp( — DA Z lak, 1| < oo for some A > 0}
{|=0

where aj, ;:= (M1 - [Ck))Hlag, 1 is the “rectification” of ax ; and 0 < A < 1/n is
a fixed constant.

PROPOSITION 2.4: Let V = {(Cx,mk)} be a multiplicity variety in B,. Then
P(A™2(B,)) CI7=(V).

Proof: Let f € A™(B,). Then there exist A,B > 0 such that |f(2)| <
A/(1—|z])B. Since A < 1/n, there exists a a such that 0 < An < @ < 1 and so
that A/a < 1/n. Thus, there exists a € > 0 such that

1

(2.2) —

<

Q>

Consider
9(2) = f(Gk + (1 = [¢k])2), 2 € Ba.
Then we see that
A _ A
[1— (Gl +a@ =GP (1 -)B(1-|G)E

Note that g is holomorphic in B,, and continuous up to the boundary S of B,,.
By the Cauchy formula in the uniut ball (see, e.g., [R]) we have

(2.3) lg(2)l <

g(w) do(w),

9@ = | A <w, 759

where ¢ is the normalized rotation-invariant positive Borel measure on S and
< w,z > is the usual inner product. Thus for I = (31, 1s,...,1,), we have that

dMlg(2) i wyr g(w)
T (—)finn 1) (n+ 1] - D/U.<zwﬂ”mMW%
where w = (wy, ..., W), from which we obtain that

‘Blﬂg |< (n+1).- (n+;I|—1)/|g w)|do(w)

An(n+1)--(n+[I| - 1)
T (-e)B - |G
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in view of (2.3) and the fact that [¢do(w) = 1. But

(at1 - | 25| - | 200

We obtain that
I1|
> (=) |26

A MNHnn+1)---(n+ 1| -1)
S T=P(-1GD? Z ( I

(|=0

1 \Htn(n+1)---(n+(I|-1)
< e > (:3) I

[1}=0

in view of (2.2). We assert that the series

> 1 \Minm+1)-- (n+|I|—1)
Z (n-{-e) I

1I1=0
To see this, consider the holomorphic function

1
{1-(z1+z2+ - +2)}"

h(z) =

347

in the polydisc P := {z = (21,22,...,2n) : |21] < 1/n,...,|24| < 1/n}. The
function h(z) can be expanded as the Taylor series in the polydisc P as follows:

® (—1)Hlp _
h(z)=z( 1) (n—!—l)n (n+ |1 l)z_,‘

1I1=0

Noting that zg := (— y—miz) € P, we obtain

n+e ?

Z (n-li-e)lfln(n+1)---1('n+|I|—1) = h(z) < co.
|I|=0 ’
Thus, we have
- A
> 00t = Ieeh) | 2 A < ) < o0

[1]=0

for some A, B > 0. This implies that p(f) € [*°(V). The proof is complete.
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Remark 2.5: In the above proposition we showed that p(A~>°(B,)) C I==(V),
i.e., for any f € A~°(B,,),

sup (1 =16 3 (40t~ ey | 28 < oo

1|=0

for some A > 0. This is a “precise” result for the unit ball B,, in the sense
that the “rectification factor” (A(1— |zx|))!! in the above sum (cf. Definition 2.3)
cannot be dropped and 0 < A < 1/n is best possible, as shown by Proposition
2.2. In general, the space [=°°(V) is too large. The interpolation problem with
multiplicity we consider is to determine when p is surjective from A=>°(B,,) to
[7°°(V). That p is surjective means that for any multi-indexed sequence {ag, 1} €
[7°°(V) there exists a holomorphic function in A~ (By,) such that fr 1 = axr
for any k € N and 0 < |I| < my; i.e., f has a described finite collection of Taylor
coefficients. When my = 1 for all k, then the equality fi r = ax s simply means
that f(Cx) = ax, where {ax} is a sequence satisfying supyen{(1—|Ck|)4ar]} < 0o
for some constant A > 0, which gives the usual notion of interpolating discrete set
{¢x} for A=>(B,,), corresponding to the one in C" considered in the references
mentioned in §1.

Definition 2.6: A multiplicity variety V = {({x, mx)} is an interpolating variety
for A=°°(B,,) if the restriction map p is surjective from A=*(B,) to I=®(V).

Let V = {(Cx,mx)} be a multiplicity variety. We use V C F~1(0), where
F = (f1, f2,..., [m), to denote that each f; vanishes at (; with multiplicity at
least mng; i.e., divy, (k) > my,Vk. Given €,C > 0, we define S(F;¢, C) by (1.2),
which can be regarded as a “tube” of the variety V. Throughout the paper, A is
the fixed number given in Definition 2.3.

We shall prove the following theorem:

THEOREM 2.7: Let V = {(Cx,mi)} be a multiplicity variety in B, and m >
n a positive integer. Then V is an interpolating variety for A= (B,,) if and
only if there exist m functions f1, fa2,..., fm in A=°(B,) and two constants
¢,C > 0 such that V C F~1(0), where F = (f1, f2,.-., fm), and each connected
component of S(F;¢,C) := {z € By, : |F(2)| < ¢(1 — |2|)€} contains at most one
point in V and the component containing (. is of dimater at most A1 — |Cx|).

Remark 2.8: 1In the case that my = 1 for all k, one can show that the interpo-
lation condition in Theorem 2.7 is equivalent to the existence of fi, fa,..., fn €
A~°(B,,) such that V C F~1(0) and |JF(Cx)| > (1 — |¢x|)C, &k € N, for some
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¢,C > 0, where JF is the Jacobian of F = (fi, f2,..., fa) (see [BL1] and [M]).
We omit the verification.

3. Some lemmas

In the following, we shall use A, B,C, ¢ to denote positive constants, the actual
values of which may vary from one occurrence to the next. The number A is the
fixed constant given in Definition 2.3.

To prove the results, we need the following lemmas.

LEMMA 3.1: LetV = {({x,mx)} be an interpolating variety for A=>°(B,,). Then
given M > 0 there exist two constants | > 0 and € > 0 such that

Al(V) D {a = {ak,1}reN,j11<m,  lla]] <€},

where
mk—l
— 1~ M * ,
lall :lelg( |Ck[) {|1|Z=o |a, 11}
ap ;= (AM1- el ak, 1,
Al(V) = {a5 := {fe,1}reN [lj<mi * [ € Ai(Bn), llagl] < 1},
and

Ai(Bn) ={f € A™(Bn) : (1 - |2])'|f ()| < 1,2 € Bn}.
Proof: Let
A= {a = {ak,r}reN,11<m;  |lall < 1}.

Then it is easy to check that 4 is complete under the metric induced by the
norm ||a||. Because V is an interpolating variety for A=>°(B,,), for any sequence
a = {ak,1} € A, there exists a f € A;(B,) for some ! such that fx; = ay s for
k€ N and |I| < my. That is, a € A;(V). This shows that A= J2, A(V).

One can check that each A4;(V) is a closed subset of A. In fact, if {f;} is a
sequence in A;(By) such that (f;)x,r = a € A as j — oo, then by the definition
of A=°(B,), {f;} is uniformly bounded on each closed subset of B,. Using
Montel’s theorem (see, e.g., [G]) we know that {f;} is a normal family in B,,. By
passing to a subsequence, we can assume that f; — f normally, where f is the
limit function. By the Weierstrass theorem and the uniqueness of the limit (see,
e.g., [G]), we deduce that f € 4;(B,) and {fi 1} = a. It follows that a € A;(V)
and thus that 4;(V') is closed. Now by the well-known Baire-category theorem,
we know that for some [, A;(V) has a non-empty interior. Therefore, there exists
a ¢ > 0 such that A;(V) D {a = {ar,1}xen, 1j<m, © |la]] < €} |
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LeMMA 3.2: Let V = {((x,m«)} be an interpolating variety for Ap(B). Then
there exist two constants | > 0 and € > 0 such that the following two conclusions
hold:

(i) There exists a sequence {fi} of holomorphic functions in B,, such that
(3.1) (1= |2)!|fe(2)| <I, z€B, and keN
and (f)j,r =0 for all j and |I| < mj — 1 except that

™ fe(Ge) €
(me — DI - Gy

(ii) There exists a sequence {gx} of holomorphic functions in B, such that
each gy, satisfies (3.1) and (gx); 1 = 0, V4, |I| < m; — 1 except that
3.3) 9k (Gk) = €.

Proof: It follows from Lemma 3.1 that there exist two constants [ > 0 and
€ > 0 such that the space A;(V') contains the space S := {a = {ak,r}xeN,i1]<m. °
[lal]| < €}, where A;(V) is the same as in Lemma 3.1. Consider the sequence
ak = {@k, I }reN,|1|<m, Satisfying a; = 0 for all j and 0 < |I| < m; except that

(3.2)

€
Gk 1, = ,
BT A =16y
where I = (mg — 1,0,...,0) € (Z*)™. Then it is clear that a; € S. Hence by
Lemma 3.1 there exist holomorphic functions fi in B, such that (3.1) holds and
that (fi);,7 = aj,r for all j and 0 < |I| < m;. Thus (3.2) holds. The conclusion
(ii) follows from the same argument. ]

LEMMA 3.3 (Schwarz, [G]): If f is holomorphic in an open neighborhood of
a closed ball B((,r) in C™ centered at ¢ and with radius r, |f(2)| < M for
z € B(¢,r), and %L(C) = 0 whenever |I| < m for same m € N, then |f(z)| <
Mr=™|z = {|™ for 2z € B((,r).

LEMMA 3.4: LetV = {(x, mi)} be an interpolating variety for A~°(B,,). Then
(i) A™ > ¢(1 — |¢|)C for some €,C > 0, where 0 < A < 1/n is the fixed
constant in Definition 2.3;
(i) o2, (1 - |¢e)™ < oo for large M > 0.

Proof: By Lemma 3.2 (i) there exists a sequence of funcctions {f} satisfying
(3.1) and (3.2). By the Cauchy Theorem,
(3.4)
1 3m*_1fk(<‘k _ 2)dzy Adzg - ANdzy,
(mx — 1)1 g2t 27” / (21 = <1 k)™ (22 = k) - (20— Cnk)’
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where (¢ = (Cik:C2,6) - - -»Cn k), and the integral is taken over the boundary of
the polydisc

P:={z:]z1— Copl <AT(L = |Gkl)y-- s |2m — Cuiel < AB(1— |Gk}
C{z: =Gl < (nA) (1 - |G}

By (3.1), for z € P,

1 A
[fe(z)] < a- 2| s (1 —|Ckl)B

for some A, B > 0 since

L=l 2 1= (2 = Gel +1Gel) = (1 = () H)(1 = IGel).
Therefore we have, in view of (3.2) and (3.4), that

€ A 1
A = TGl T = = [GD® (M (L= [T

and so that A™* > ¢(1 — |(x])€ for some ¢, C > 0. That is, (i) holds.
For each k, there exists a j such that dx = |(x — (;|, where

dy, := ]i_gfc{Kj - Ckl}-

Let gi be the functions in Lemma 3.2 satisfying (3.1) and (3.3). Set ht(z) =
9k(2) — gi(Cx). Then hp(Cx) =0. When 2z € U := {2 : |z — (| < A1 — |Ck|)} we
have

1—fzf 21— (2 = Gl + Il = (1 =N — ¢l

and so

I A
&S TR oS 0GB

It follows from Lemma 3.3 that

Az =Gl
I8

Hence, if (; € U with gx((;) = 0 we will have, in view of (3.3),

Ihe(2)| < Pt

AlCk — Gl

€= (Gl = (&) < TerE
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and so |¢; — (k| > €(1 — (k)€ for some €,C > 0. If ¢; € U, then | — ¢k| >
A1 — |[¢x!|) by the definition of the set U. Therefore, in any case we always have
d, > €(1 — |¢x|)€ for some 0 < € < 1 and C > 0. One can choose 0 < € < 1
and C > 1 such that the ball By, centered at {; with radius ¢(1 — |(k|)c <dgis
contained in the ball B,,. Then By N B; = @ for i # j and the volume |By| of By
satisfies |By| > €(1 — |¢x])€ for some ¢,C > 0. When z € By,

=2 2 1= Gl = 2= Gl 2 1= |Gl — (1 = 1G],
which implies that 1 — |(x| < (1 — |z])/(1 — €). Thus, we deduce that

S -G =3 ﬁ /B (1= Gel)Mdm
k=1 k=1 k

<Ay [ @-16)M-Cdm
k=1 By

<AY [ Q-|)M-Cdm
By

< A/ (1 -2 )MCdm < oo
B,

for large M. This completes the proof. |

4. Proof of Theorem 2.7

We first prove the necessity. Given a M > 0, by Lemma 3.1, there exists a
positive integer [ and a ¢p such that

mkl

Al(V) D {{ak,1}reN, | 1j<my Sup{ 1= 1GD™ D" lak 11} < eo}-
[1[=0
Here we use the same notations as in Lemma 3.1. Thus, for each 1 < j < n we
can obtain sequences of holomorphic functions {g; x} with g;« € 4;(B,) for any
k € N and 1 < j < n such that (g;x)i,r = 0, Vi, |I| < m; except that

o gJ, €o
(4.1) () = A= =™

where Iy = my /2 if my, is even and Iy = (mi — 1)/2 if my, is odd. We define, for
1 < 7 < n, the following functions:

(42) )= his(1 - (G2

k=1
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where hjx = g7,(2) if my is even and hjx = (2 — (k)92 1 (2)/A(1 = |Cel) if M
is odd, z = (21,...,2,) and (x = (C1,k,- - -+ Cn,k)- It is clear that divy, (k) > ma
and so V C F~1(0), where F = (f1,..., fs). We claim that f; € A=°(B,,) for
each 1 < j < n. In fact, since g, € A;(B,) for k € N, we have that for z € B,
l9ik(2)| <1/(1 — |2|)!. Therefore, we deduce that

2(1 - |G))*M
(1 - 2]

By Lemma 3.4 (ii), taking M sufficiently large, we see that the series (4.2) is
uniformly convergent in closed sets of B, and moreover |f;(z)| < 4/(1 — |2])%,
z € By, for some constants A > 0; that is, f; € A~°(B,,).

Next we show that there are positive constants e, C such that the “tube”
S(F'; e, C) satisfies the conclusion of the theorem. To this end, let k¥ > 0 and let
= (u1,...,Us) be a unit vector in C™. Then there exists a j (1 < j < n) such
that u; > 1/4/n. For this fixed j, consider the Taylor expansion of f;(z) at (.
One can verify that, in view of (4.1) and (4.2),

192 k(211 ~ 1Gl)*™ <

o0
Fi(z) = AL = G) ™™ (2~ Ga)™ + DY Cr(z =&)Y,
T2 mp 4n
where ng = mg/2 if my is even and ng = (my +1)/2 if my is odd; Cy’s are
complex numbers. From the above expansion, we deduce that for w € B; C C,

(43)  Fi(w) =G+ o/ N1 = [Ghw) = cw™ + 3 b,

J2me+ng

where €, = eju]™ VA™ and b;’s are complex numbers. Noting that A < 1/n,
we obtain that

(4.4) e1 2 €(1/v/n)™ (1/y/n) ™™ = €.

Let
d, = min{1, dist(0, F;*(0) ~{0})}

and set Gj(w) = Fj(w)/w™*. Then |G;(w)| < A/(1 — |¢x])? for some constants
A,B > 0on |w| =1 and thus in |[w| < 1 by the maximum modulus theorem.
Also let Hj(w) = G;(w) — G;(0). Then by (4.3), we see that H;(w) has a zero at
w = 0 of order at least ng. Note that |H;(w)| < A/(1 — |¢k|)? for some constants
A,B > 0 on |w| <1. We have, by Lemma 3.3, that

|Hj(w)| < 5lwl™

A
(1= 1Cl)
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on |w| < 1. Thus, if a # 0 is a zero of F;(w) in |w| < 1, then G;(a) = 0 and thus
|Hj(a)| = 1G;(0)] = €1 > €5

by (4.3) and (4.4), from which it follows that
lal™ > |H;(a)l A7 (1 ~ [Gl)®
and thus that d?* > €(1 — [(x])C for some constants ¢, C > 0, which implies
dy* > e(1 = |Gl)°.
Therefore,
(45) du > /™ (1= G)O™ = T,

where 0 < € < 1 and C are two constants. Note that G;(w) has no zero in jw| <
%dk by the construction of d,,. Recall the following result from the Carathéodory
theorem (see, e.g., [L]): If h is holomorphic and has no zero in |w| < R with
h(0) = 1, then

2r

log |A(w)] > — log max {lh(w)[} for jw| <r <R.

R-r

Applying it to G;(w) in |w| < %dk we deduce that for |w| < d, < %dk,

G;(w) 2X G,(w)
5(0) ‘ 2 T ( lwl=de/ {| G;(0) }):

log I GJ

which implies that |Gj(w)| > €(1 — |(x|)C for some constants ¢,C > 0. In
particular, for |w| = dy,
|Fj(w)] = jw™ Gj(w)|
> {2/ (1= |Gl /™ Y™ e(1 = 1Gh) 2 (1 - |G
for some €, C' > 0 by virtue of (4.5) and Lemma 3.4(i).
So far we have proved that for a given unit vector u € C", there exists a j
(1 < j < n) such that |f;(¢ + VAL = |Gw)l > e(1 = [G])€ on w] = dx,

where the constants ¢, C are independent of u and k. Therefore, for z € B,, with
2 = ¢kl = VAL — [¢kl)dk, we always have

RN = (SI5ER) 2 -1 2 1 - )
i=1
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for some ¢,C > 0. Now consider the neighborhood
Up = {2 € Bn: |z = G < VA(L = |Gel)de}

of (x. By the above result, we know that |F(z)| > (1 —|z|) on QUi. Recall that
S(F;¢,C) = {z € B, : |[F(2)| < €(1 — |2|)®}. Thus the connected component
Vi of S(F;¢, C) containing (. is clearly contained in Uy. By the construction
of di, we see that Uy, and thus V4, has diameter less than A(1 — |(x|) and does
not contain other points of V. Finally, if m > n, we can easily add m — n entire
functions fpi1,..., fm 80 that F = (fy, f2,. .., fm) satisfy the conclusion of the
theorem. This completes the proof of the necessity.

To prove the sufficiency, let Vi be the connected component of S(F’; ¢, C) con-
taining (x. Suppose {ax 1} C I7°(V) is a given multi-indexed sequence with

mg—1 A
— I .
|§=:o(/\(1 1CeD) ak,1] < A=1GD?

for some constants A, B > 0. We define an analytic function v : S(F;¢,C) —» C
by
(z) = { Yt aka(z = G)Y, if 2 € Vi
0, if 2z € S(F;¢,C) N Upen Vi
Then it is clear that v 7 = ax s for k € N and 0 < |I] < mg — 1. Since
|2 — (k| < A1 = |¢k]) on Vi by the assumption of the theorem, we see that, for
FAS Vk,

mk-l

eVl o < — A
Iy (2)] < |§éo(A(l 6k1) lax,1| < A=[GD?

Note that for z € V4,
1= (Gl 2 1= (|G — 2l + |2]) = (1 = |2l) — AQQ = [Gl)
or 1 —|Cel > (1 —|2])/(1+ A). We deduce that

A
(4.6) Iv(2)] < A=D?

for some A,B > 0 for z € Vi and thus for all z € S(F,¢,C), since y(z) =
0 for z € S(F;¢,C) ~Uren V- We will extend v to a holomorphic function
in A=°(B,,) by L-estimates for d equations (cf. [BT], [H] and [KT]). Since

6fj/8zi € A—oo(Bn),
"L 10f; A
2520 < a=hm
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for z € B,, and some A, B > 0. Take a small ¢; < ¢ and a large C; > C. We
assert that the distance d(z) of a point z € S(F;e€1,C1) to the complement of
S(F;e,C) satisfies

(4.7) d(z) 2 es(1 ~ |2])*

for some small €2 < €; and large Cy > C;. Otherwise there would be a w on the
boundary of S(F;e, C) such that |w—z| < e2(1—|2|)?. Then for each 1 < j < n,

1 ar.
@ = 5@ = [ L+ w-

T n 9 2
< |w—z||/0 Za—ﬁ(z+(w~z)t)dt|
=1 t

, A
S 62(1 - lZl)C WB—
Then
|£5(w)] < 1fi(2)] + 1£;(2) — fi(w)
, A
<e(l—[2)% + el - [2)° =P
and thus

F(w)] = (Z |fj<w>n2) T el J2))°
j=1

if €1, €2 are taken sufficiently small and Cj, Cs sufficiently large. It contradicts
the choice of the point of w. Now we can use the Whitney theorem (see, e.g.,
[BG1, p. 18]) to choose a cut-off function x € C* such that 0 < x <1,

_ 4

(1-1z)®

for some A,B > 0, x =1 on S(F;€;,C1) and x = 0 on a neighborhood of the
complement of S(F;e,C). Note that ¢ := vdx is a 0 closed form. By virtue of
(4.6) and the fact that |F(z)] > e;(1 — |2])“* for z € supp(¢), we see that for
each a > 0 there exists a 8 > 0 such that

212
/B ]I?‘Ezgla (1 - |2|)Pdm(z) < .

9x| < A(d(2))™" <

By Theorem 2.6 in [KT] there exist 8 closed (0, 1)-forms ¢y, ¢a, ..., ¢ and some
q > 0 such that ¢ = ¢1 f1 + -+ + dm frm and

/ |65(2)|*(1 = |2])%dm(z) < oo.
B,
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Thus by Hormander’s theorem [H], there exist solutions %, to the J equations
Y = ¢; satisfying the L2-estimate:

/ [;(2)|2(1 = |2})%dm(z) < oo.
B,

Define f = yx — 372, ¢;fj- Then

5f=15x—2fj5¢,~ =¢_ij¢j =0

j=1 =1

and furthermore

/13 F(2)2(1 = |2 Adm(z) < oo,

for some A > 0, which implies that f is in a weighted Bergman space and thus in
A~*(B,). By checking the Taylor expansion of f about (i, we easily see that
fx,g = Yo,y = ag,g for k € N and 0 < |I| < my — 1. This shows that V is an

interpolating variety for A,(C"). ]
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