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A B S T R A C T  

A necessary and sufficient condition is given for a discrete multiplicity 
variety in the unit ball Bn of C n to be an interpolating variety for weighted 
spaces of holomorphic functions in Bn. 

1. I n t r o d u c t i o n  

In this paper, we shall consider the interpolation problem for discrete multiplicity 

varieties in the unit ball B ,  of C "  to be interpolating varieties for holomorphic 

functions with growth conditions. 

Let f be a holomorphic function in B,~ and (~k} a discrete set in B , .  Then 

we have the following Taylor expansion about  each ~k: 

O0 

f ( z ) =  ~ fk , i ( z - -~k)  I. 
Iit=0 

Here and throughout the paper  

1 olIIf(~k) 
f k , x -  Ii Oz I ' 

I := ( i l , . . . ,  i,~) E (Z+) n is a multi-index, Z + --- {0, 1, 2 , . . .} ,  and 

1II = i l + i 2 + . . . + i , .  
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Let {mk} be a sequence of positive integers. If for any multi-indexed sequence 

{ak,l}keN,O<]l]<mk of complex numbers satisfying a certain growth condition 
(defined in w there exists a holomorphic function f in A-~ such that  

(1.1) fk,l=ak,l, f o r k e N ,  0 _ < [ I [ < m k ,  

where I -- ( i l , . . . , i n )  E (Z+) n is a multi-index, and A-~176 is the sapce of 

holomorphic functions in Bn satisfing 

(1 -Izl)AIf(z)l < B, z e S~  

for some constants A, B > 0, we will then say that V :-- {(~k, mk)} is an interpo- 

lating (multiplicity) variety for A-~176 Note that the condition (1.1) means 

that  f has a prescribed finite collection of Taylor coefficients at each Ck- In the 

special case that  mk ---- 1 for all k, (1.1) simply means that f takes prescribed 

values at each Ck. 

Similar interpolation problems for weighted spaces of entire functions in C ~ 

have been studied extensively due to its applications to other subjects such as 

harmonic analysis and systems theory (see [BG2], [BL1], [BL2], [BT], [LV], [S], 

etc.). Given a discrete set V = {~k} in C n, a necessary and sufficient interpolation 

condition in terms of the Jacobian of defining functions was found in [BL1] for V 

to be an interpolating variety for the space Ap(Cn), the H6rmander algebra of 

entire functions in C '~ satisfying SUpzecn{e-AP(z)lf(z)l } < +r for some A > 0 

in the sense of Berenstein and Taylor ([BT]), where p is a plurisubharmonic weight 

function in C n. It was showed in [M] that this condition can be carried over to 

Bn for a discrete set {~k} in B,~ to be an interpolating variety for A-~176 

a class intensively studied when n = 1 (see e.g. [K]). Since in practice the 

"multiplicity" often needs to be taken into account (cf. [BT]), it is natural to study 

the interpolation problem and interpolation conditions for multiplicity varieties 

V = {(~k, mk)} in the unit ball Bn. When no multiplicity is involved, the notion 

of interpolation variety in Bn for A - ~ ( B ~ )  is the same as the one in C ~ for 

Ap(C '~) with an obvious change in weight and domain. However, when one 

consideres multiplicity problems, the situation will be different. The differences 

will be pointed out in Section 2 and the interpolation problem for multiplicity 

varieties will then be posed, which natually includes the usual problem without 

multiplicity as a special case. A necessary and sufficient interpolation condition 

will be given for a multiplicity variety V -- {(~k, mk)} to be an interpolating 

variety for A-~176 The conditions obtained here, inspired by the approachs 
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in [BT] and [LV] for interpolation in C n, are given using the distribution of points 

of V in the "tube" 

(1.2) 
n 

S(F;e,C) := {z �9 B n :  [F(z)[ := ( E  [fj(z)t2)�89 < e(1 -[z[)C}, 
j = l  

where F = ( f l , - . . ,  fn) is a defining vector function with f j  �9 A - ~ 1 7 6  and 

e, C > 0 are two constants. It turns out that  a multiplicity variety V = {((k, ink)} 

in Bn is an interpolating variety for A -~ (Bn) if and only if there exist constants 

e, C > 0, and n holomorphic functions f l , . . . ,  f~ in A - ~ ( B n )  such that  these 

functions vanish at each (k with multiplicity at least mk, and each component 

of the "tube" S(F; e, C) defined as in (1.2), where F = ( fx , . . . ,  f~), contains at 
most one point (k and the diameter of such a component is not too "big" in a 

certain sense (see Theorem 2.7). In the speacial case that mk = 1 for all k, this 

condition is equivalent to the existence of a lower bound on the Jacobian of F 

(see Remark 2.8). 

2. P re l imi la r i es  a n d  resu l t s  

First of all, let us fix some notations, which will be used throughout the paper. 

Definition 2.1: Let H(Bn) be the ring of all holomorphic functions in Bn. Then 

we define 
{ loglf(z)[ } 

A - ~ 1 7 6  f � 9  sup - -  < o o  . 
zeBn log lJlzl 

Note that it is not the specific growth conditions on the functions A-~ 

which are important, but rather their consequences for the ring A-~ 

The growth condition on the holomorphic functions implies that  A-~176 D 

H ~176 (B,~), the space of bounded holomorphic functions in B~, and that  A - ~  (B~) 

is closed under differentiation. The main theorem in the paper still holds if the 

space A - ~ ( B n )  is replaced by the space 

AB(Bn) :--= {f  �9 H(B~) :  If(z)[ <_ AeBP(~) , z  �9 Bn, for some A,B > 0}, 

where p is a suitable function so that the calculation in the proof of the paper 

can be carried out similarily. The space A-~176 is the union of the weighted 

spaces 

A -~ := {f  �9 H(Bn) : sup (1 - [z l )~l f (z) l  < ~ } ,  a > 0, 
zEBn 
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and also the union of the weighted Bergman spaces 

Ba,~ := {f �9 H(Bn): s (1 -Izl)"lf(z)l~dm(z) < ~ } ,  ~ > - 1 , / ~  > o. 
n 

It carries the natual topology as an inductive limit of Banach spaces. 

Let f ~ 0 be a holomorphic function on an open connected neighborhood of 
(X)  

C �9 B,~. Then a series f ( z )  = ~ j = ~ , P j ( z  - r converges uniformly on some 

neighborhood of ~ and represents f on this neighborhood. Here 7)j is a homoge- 

neous polynomial of degree j and 7), ~ 0. The nonnegative integer ~,, uniquely 

determined by f and ~, is called the zero multiplicity, or zero divisor of f at r 

denoted by divl(~). 
Let V = {(r ink)} be a multiplicity variety in Bn; that is, a discrete set 

{~k} C Bn with I~kl --+ 1 together with a sequence {mk} of positive integers. 

Associated to V, there is a unique closed ideal in H(Bn),  

J = J ( V )  := {f  E H ( B , ) :  divl((k) > mk,Vk} .  

Two holomorphic functions g, h in H(Bn) can be identified modulo J if and only 

if 
olIIg(~k------~) -- OI11h(~k-------~) 0 < t I I<  mk,  k E N .  

Oz r Oz I ' _ 

Here and throughout the paper, we use I to denote a muti-index; that is, I -- 

( i l , . . . ,  in) E (Z+) n. The quotient space H ( B n ) / J  can be identified to the space 

H(V), the set of all sequences {ak,Z}kES,O<lXl<,nk of complex numbers, which 
can be described as "analytic functions " on V. The map 

p: p(I) = { ~162 
•!OZ I } kEN,O<lI]<m k 

is the natural restriction map from H(Bn) into H(V). 

The interpolation problem for Ap(Cn), the algebra of entire functions satis- 

fying SUpzEc,{e-AP(z) l f ( z ) l  } < +oo for some A > 0, where p is a plurisub- 

harmonic weight, is to study when the map p is surjective from Ap(C n) to 

Ap(V), the set of "analytic" functions {ak,r}keN,O<111<mk of H ( V )  satisfying 

suPkEN{e--AP(r ~-'].~--01 lak,iI} < +cx~ for some A > 0. The corresponding in- 

terpolation model for A-~176 in the unit ball Bn would be whether p is onto 

from A-~ to Ap(V)  with p = log ~ in our consideration. However, this 

is not the case. In fact, in the unit ball it is even no longer true that  p is a map 

from A-~176 to Ap(V), as shown by the following 
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PROPOSITION 2.2: There exist a multiplicity variety V = {((k, mk) } in Bn and 
a f E A-~(B,~)  such that for any A > O, 

"~-~ om/(r  ) 
sup(1--lr A E ] ~ ] 
kcN [it= 0 �9 

(i ),., 
> sup(l-14kl) A E n ( 1 - ] ~ k l )  = oo. 
-- kEN IIl=o I!OIz 

Thus, p(f) r Ap(V), where p = log l_--llzl. However, for any 0 < A < 1/n and 
A>_I ,  

ink-1 0mS(r ) 
(2.1) sup(1 -[('k[) A E (A(1 -[zkD)tll I pOiz [< 00. 

keN 111=o " 

Proo~ For the sake of convenience, we look at the case n = 1. Consider 
the function f (z)  = 1 / ( 1 -  z) E A - ~ ( B n ) .  Let V = ((~k,mk)}, where ~k = 
1 - 1 / k  E Bn a n d m k  = 2 k, k - -  1,2, . . . .  Then If(J)(~k)/J!I = k j+l. Thus for 
any A > 0, 

m~-Y~l lOIZl f(~k ) 
s u p ( l - ] ~ k l )  A A..~ I ~ [ >  
keN }i1= 0 

ink--1 

ken --sup(1 ]~,[)A ,=OE ( 1(1 - I('kI)) - - ' - ~ . t '  f(')(~k) 

( 1 ) A ' ~ 1 ( 1 )  j ' 
= sup ~ k J+l 

kEN ~" j=O 

2k--1 

----- s u p  k 1 - A  E 1 = c~. 
kEN j = 0  

However, for each 0 < A < 1 and A > 1, we have 

m~-~ . ,J i /o)(r I 
s.p(1 -Ir ~ ~ (~(i -i~JJ T.' -- 
kEN j=0 " 

sup ( A "~ 
ken -k \ k ] 

o o  

= sup k 1-A E Aj < oo. 
kEN j=O 

The above proposition shows that p ( A - ~ ( B n ) )  is not a subspace of Ap(V). 
However, it leads us to ask if (2.1) is generally true for all f E A - ~ ( B , )  and mul- 
tiplicity varieties V. It is indeed the case, as shown by the following Proposition 
2.4, where l - ~ ( V )  is defined as follows. 
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Definition 2.3: Let V = {(~k, ink)} be a multiplicity variety in Bn. Then 

r n ~ - - I  

l-~176 = {{ak , I ) kEN,O(_[ l [ (mk  : sup(l-Ir A ~ la~,rl < oo for some A > 0} 
k e N  IIl=0 

where a~ j  := (A(1 - [~kl))]Ilak,x is the "rectification" of ak,i and 0 < A < 1In is 

a fixed constant. 

PROPOSITION 2.4: Let V = {((k, ink)} be a multiplicity variety in Bn.  Then 
p(A-~176 C l-~176 

Proof." Let f E A-~176 Then there exist A,B > 0 such that If(z)] <_ 
A/(1 - M) B. Since A < 1/n, there exists a ~ such that 0 < An < a < 1 and so 

that A/a < 1/n. Thus, there exists a e > 0 such that 

(2.2) A < 1 - -  - - .  

a - n + e  

Consider 

g ( z )  = f ( ( k  + ~ (1  - ICkl)z), z e B n .  

Then we see that  

A A 
(2.3) Ig(z) l  <_ -- [1 - ( l~k l  + o~(1 - I ~k l ) ) ]  B (1  - o 0 B ( 1  - I ~ 1 )  B"  

Note that  g is holomorphic in Bn and continuous up to the boundary S of B,,. 

By the Cauchy formula in the uniut ball (see, e.g., [R]) we have 

fs g(~) g(z) -= (1-  < w-~,z >), da(w), 

where a is the normalized rotation-invariant positive Borel measure on S and 

< w , z  > is the usual inner product. Thus for I = (iI~i2~...~in), we have that  

OIIIg(z)0i z = ( -1) l l ln(n  + 1)- . - (n  + III - 1) (i-:-< z ,w  >)n+lxl da(w) '  

where w = ( w l , . . . ,  wn), from which we obtain that  

ol'lg(O) I < n(n + 1). . -  (n + I I ] -  1) .re [g(w)lda(w ) 
OIz - 

< A n ( n +  1 ) . - . ( n +  I I I -  1) 
- ( 1  - o l ) B ( 1  - -  ICkl)  B 
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in view of (2.3) and the fact that fs da(w) = 1. But 

(a(1 -I~kl))ml ~ OIIIg(O) I 
= I O I z  I 

We obtain that 

oo oll lf((k ) 
E (A(1-I( 'kl)) m ~ [ 
I/1=o 

A ~ (A)llln(n+l). . .(n+[II-l)  
-< (1 - a ) B ( 1  - [ ( k [ )  B \ ~ /  II 

IZl=0 

A oo ( 1 ] l ' l n ( n + l ) - . . ( n + [ I I - 1 )  

-4 (1 - a ) B ( 1  - I ~ k l ) "  ~ ~ J )-~ II1=O 

in view of (2.2). We assert that the series 

E~176 (~l )mn(n+l)...(n+[I[-1)i! 
gl=o 

To see this, consider the holomorphic function 

1 
h(z) = { 1 -  (Z l+  z2 + . . - +  z ,)}" 

in the polydisc P := {z = ( z l , z2 , . . . , z , )  : [Zl[ < 1/n,...,[z,,[ < 1/n}. The 
function h(z) can be expanded as the Taylor series in the polydisc P as follows: 

O 0  

h(z) = 

IZl=0 

(-1)lX'n(n+ 1 ) - . - ( n  + [I[ - 1) I 
Z . 

I! 

Noting that z0 := ( 1 1 n + e , ' " ,  h-47) E P,  we obtain 

( 1 ]llln(n+l).-.(n+{l[-1) 
, ~ .  I, = h(zo) < ~ .  

IZl--o 

Thus, we have 

oIllf(~-k) 
E (A(1 -[(kl))llI  I ~ < 
IZl =o 

A 
(1 - a)B(1 -I~k[) Bh(z~ ~ < (30 

for some A, B > 0. This implies that p(f) E l~(V). The proof is complete. | 



348 B.Q. LI AND E. VILLAMOR Isr. J. Math. 

Remark 2.5: In the above proposition we showed that p ( A - ~ ( B , ) )  C l -~176 

i.e., for any f E A - ~ ( B n ) ,  

ink--1 

sup(1  - Kkl) A _ 011tI( k) I 
kEN II1=0 

for some A > 0. This is a "precise" result for the unit ball Bn in the sense 

that  the "rectification factor" (A (1 - I zk I))1II in the above sum (cf. Definition 2.3) 

cannot be dropped and 0 < A < 1/n is best possible, as shown by Proposition 

2.2. In general, the space l - ~ ( V )  is too large. The interpolation problem with 

multiplicity we consider is to determine when p is surjective from A -~176 (Bu) to 

l -~176 That  p is surjective means that for any multi-indexed sequence {akJ} E 

l - ~ ( V )  there exists a holomorphic function in A-CC(Bn) such that fk,1 = ak,t 

for any k E N and 0 < III < ink; i.e., f has a described finite collection of Taylor 

coefficients. When mk = 1 for all k, then the equality fk,I = ak,i simply means 

that  f(~k) = ak, where {ak} is a sequence satisfying suPkEN{(1 --KkDA[akl} ( O0 
for some constant A > 0, which gives the usual notion of interpolating discrete set 

{~k} for A -~176 (Bn), corresponding to the one in C n considered in the references 

mentioned in w 

Definition 2.6: A multiplicity variety V = {((k, mk)} is an interpolating variety 

for A - ~ ( B n )  if the restriction map p is surjective from A-~(B,~)  to l - ~ ( V ) .  

Let V = {(~k, mk)} be a multiplicity variety. We use V C F - l ( 0 ) ,  where 

F = (f l ,  f 2 , . . . ,  fro), to denote that  each f j  vanishes at ~k with multiplicity at 

least ink; i.e., divfj(~k) ~ mk,Vk.  Given e ,C > 0, we define S(F;e ,C)  by (1.2), 

which can be regarded as a "tube" of the variety V. Throughout the paper, A is 

the fixed number given in Definition 2.3. 

We shall prove the following theorem: 

THEOREM 2.7: Let V = {(~k, mk)} be a multiplicity variety in Bn and m _> 

n a positive integer. Then V is an interpolating variety for A - ~  (Bn) i f  and 

only if there exist m functions f l ,  f 2 , . . . ,  fm in A - ~ 1 7 6  and two constants 

e, C > 0 such that V C F - l ( 0 ) ,  where F = (fl ,  f 2 , . - . ,  fro), and each connected 

component orS(F;  e, C ) : =  {z E Bn : IF(z)l < e(1 -Izl) c} contains at most one 

point in V and the component containing (k is of dimater at most A(1 - [(kl). 

Remark 2.8: In the case that mk ---- 1 for all k, one can show that the interpo- 

lation condition in Theorem 2.7 is equivalent to the existence of f l ,  f 2 , . - . ,  fn E 
A - ~ ( B n )  such that V C F - l ( 0 )  and [JF((k)[ >_ e(1 - [(kD C, k E N, for some 
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e, C > 0, where J R  is the Jacobian of F = (f l ,  f 2 , . . . ,  fn) (see [BL1] and [M]). 

We omit the verification. 

3. Some lemmas 

In the following, we shall use A, B, C, e to denote positive constants, the actual 

values of which may vary from one occurrence to the next. The number A is the 

fixed constant given in Definition 2.3. 

To prove the results, we need the following lemmas. 

LEMMA 3.1: Let V = { ( ~k, ink)} be an interpolating variety for A - ~  (Bn). Then 

given M > 0 there exist two constants I > 0 and e > 0 such that 

At (V)  D {a = {ak,I}kEN,Ill<mk : Ilall < ~}, 

where 

and 

ink--1 
a* Ilall = sup(1  -I~kl)M{ I k,11}, 

kEN II1=O 

: (A(1 

At(V)  = {af := {Sk,t}keN,IIl<~ : S e At(Bn), Ilasll _< 1}, 

At (B, )  = {f  C A - ~ 1 7 6  : (1 - Izl) t l f(z)l  < l, z e Bn}. 

Proo~ Let 

.A = {a = {ak,I}kEN,Ill<mk : Ilall < 1}. 

Then it is easy to check that A is complete under the metric induced by the 

norm I I all- Because V is an interpolating variety for A - ~  (B,~), for any sequence 

a = {akd} ~ A, there exists a f e AdBn)  for some I such that  fkd = ak,1 for 

k E N and III < ink. That  is, a r A d V ) .  This shows that A = I.J~l At(V) .  
One can check that each At(V)  is a closed subset of A. In fact, if {fj} is a 

sequence in At(B,~) such that (fj)k,r ~ a C A as j ~ ~ ,  then by the definition 

of A - ~ ( B n ) ,  {fj} is uniformly bounded on each closed subset of B,~. Using 

Montel's theorem (see, e.g., [G]) we know that {f3} is a normal family in Bn. By 

passing to a subsequence, we can assume that ]3 --+ f normally, where f is the 

limit function. By the Weierstrass theorem and the uniqueness of the limit (see, 

e.g., [G]), we deduce that f E At (B, )  and {fkd} = a. It follows that a E A d V  ) 

and thus that A d V  ) is closed. Now by the well-known Baire-category theorem, 

we know that for some l, At(V)  has a non-empty interior. Therefore, there exists 

a ~ > 0 such that At(V)  D {a = {ak,I}kcN,I/l<-~k : Ilall < e}. II 
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LEMMA 3.2: Let V -- {((k, rnk) } be an interpolating variety for Ap(B,,). Then 

there exist two constants l > 0 and e > 0 such that the following two conclusions 

hold: 

(i) There exists a sequence {fk } of  holomorphic functions in Bn such that 

(3.1) (1-- [z[)t[fk(z)[ _< l, z E B n  and k E N  

and (fk)j,1 = 0 for all j and [I[ _< mj - 1 except that 

Om~-l fk( (k)  r 
(3.2) (ink - 1)!Oz~ k- I  = (A(1 - l(kl)) ~ - 1 "  

(ii) There exists a sequence {9k } of holomorphic functions in Bn such that 

each 9k satisfies (3.1) and (gk)j,l = O, Vj, [I] _< mj - 1 except that 

(3.3) gk(~k) = e. 

Proo~ It follows from Lemma 3.1 that there exist two constants 1 > 0 and 

e > 0 such that the space AI(V) contains the space s := {a = {akJ}keN,IIl<mk : 

[[a[[ < e}, where At(V)  is the same as in Lemma 3.1. Consider the sequence 

ak = {ak,I}k~N,Irl<m, satisfying aj,l = 0 for all j and 0 _< [I[ < mj except that 

a~,i~ = (A(1 - ] (k] ) )  mk- l '  

where Ik = (mk -- 1, 0 , . . . ,  0) �9 (Z+) ". Then it is clear that ak �9 S. Hence by 
Lemma 3.1 there exist holomorphic functions fk in B,~ such that (3.1) holds and 
that (fk)j,x = aj,1 for all j and 0 _< II[ < mj.  Thus (3.2) holds. The conclusion 
(ii) follows from the same argument. | 

LEMMA 3.3 (Schwarz, [G]): I f  f is holomorphic in an open neighborhood of 

a closed ball /~(~,r) in C n centered at ~ and with radius r, [f(z)[ <_ M for 

z �9 B(r  and ~ ( r  = 0 whenever II[< m forsome m �9 N,  then If(z)l _< 
M r - m [ z  - if m for z �9 [~(r r). 

LEMMA 3.4: Let V = {(~k, mk)} be an interpolating variety for A - ~ ( B , ) .  Then 

(i) A mk _> e(1 - [~[)c  for some e ,C > O, where 0 < A < 1In is the fixed 

constant in Definition 2.3; 

(ii) ~-'~k~176 -- [(k[) M < C~ for large M > O. 

Proof: By Lemma 3.2 (i) there exists a sequence of funcctions {fk} satisfyiag 

(3.1) and (3.2). By the Cauchy Theorem, 

(3.4) 
1 O'nk-lfk(~k) { n f fk(z)dzl  A dz2""  A dz,~ 

( m k - l ) !  Oz'~ k-1 : ~2-~i) J (z l - -~ l ,k-~-2- - '~2 ,k i - : : (z - - : - -~n ,k) '  
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where ~k = ((1,k,~2,k,--. ,(n,k),  and the integral is taken over the boundary  of  

the polydisc 

P : =  { z :  Iz: - ~:,kl < A � 8 9  - I 0 , 1 ) , - . - ,  Iz,~ - <,,,~1 < A � 8 9  - ICkl)} 

c { z :  Iz - 0,1 < (,~,x)�89 (1 - K k l ) } .  

By (3.1), for z E P,  

l A 
I M z ) l  _< - -  _< 

(1 - I z l Y  (1 - I < , ~ 1 )  B 

for some A, B > 0 since 

1 - Izl _> i - ( Iz - Ckl + I(,~1) > (I - (nA)�89 - Kkl) .  

Therefore we have, in view of (3.2) and (3.4), tha t  

IE 

(A(I - I < k l ) ) m ~  - :  -< 
A 1 

(1 - I C k l )  B (A�89 -K,~l))m,, - :  

and so tha t  A mk _> e(1 - I~l) C for some e , C  > 0. Tha t  is, (i) holds. 

For each k, there exists a j such tha t  dk = I~k -- ~jl, where 

dk := inf{l ( j  - QI}. j#k 

Let gk be the functions in Lemma 3.2 satisfying (3.1) and (3.3). Set h k ( z )  = 

gk(z )  - gk(~k).  Then  hk(~k) = 0. When  z E U := {z :  Iz - ~kl < A(1 -- I~kl)} we 

have 

1 - I=1 _> 1 - ( Iz - ~kl + Kkl )  -> (1 - A)(1 - I<kl) 

and so 
l A 

Ihk(z)l _ - -  + ~ __ 
(1 - I z l )  ~ (1 - K k l )  B" 

It follows from Lemma  3.3 tha t  

A I z  - r 
Ihk(~) l  < 

(1 - I r  B" 

Hence, if ( j  e U with g k ( ( j )  = 0 we will have, in view of (3.3), 

= ]gk(Ck)l = Ihk(Cj) l  (1 -I~kD B 
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and so I~j - r  _> e(1 - I ~ 1 )  e for some e ,C  > 0. I f ( j  • U, then I(~ - r  _> 
A(1 - I~kl) by the definition of the set U. Therefore, in any case we always have 

d~ ___ ~(1 - I~kl) c for some 0 < e < 1 and C > 0. One can choose 0 < e < 1 

and C > 1 such that  the ball Bk centered at Ck with radius e(1 - ICkl) c ___ dk is 

contained in the ball B , .  Then Bk N Bj = 0 for i r j and the volume IBk] of Bk 
satisfies IBkl > e(1 - ICk l )  c for some e , C  > 0. When z 6 B k ,  

I1 - z l  >_ I1 - ~:kl - I z  - ( h i  _> 1 - I(~kl - e ( 1  - I (~kl)  e ,  

which implies that  1 - I~1 < (1 - Izl)/(1 - e). Thus, we deduce that  

E (  1 _ iCkl)M = 1 (1 -[~k])Mdm 
k = l  k = l  k 

oo 

_< A s (1 - Izl)M-Cdm < oo 
n 

for large M.  This completes the proof. | 

4. P r o o f  o f  T h e o r e m  2.7 

We first prove the necessity. Given a M > 0, by Lemma 3.1, there exists a 

positive integer l and a ~0 such that  

ink--1  

At(V) D {{ak,I}kEN,[l]<mk : sup{(1 - I~k l )  M ~ la~,~l} < ~0}. 
k 6 N  [I1=0 

Here we use the same notations as in Lemma 3.1. Thus, for each 1 _< j _< n we 

can obtain sequences of holomorphie functions {gj,k} with gj,k E Al (Bn) for any 

k E N and 1 _< j _< n such that  (gj,k)i,x = 0, Vi, I[I < - ~  except that  

(4.1) OlkgJ'k eO 
Ozjk (r = (A(1 -Ir - K k l )  M'  

where Ik = m k / 2  if m k  is even and lk : ( m k  - 1)/2 if mk is odd. We define, for 

1 <_ j < n, the following functions: 

oo 

(4.2) fj(z) = E hi,k(1 - I~1) 2M, 
k = l  
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where hj,k = g2,k(z ) if mk is even and hj,k = (zj -- ~j,k)g2,k(z)/A(1 -- I~1) if mk 
is odd, z = ( z l , . . . ,  z , )  and ~k = (~l,k, .- . ,  ~,,k)- It is clear that  divf~ (~k) --> mk 

and so Y C F - l ( 0 ) ,  where F = ( f l , . . . ,  ]n). We claim that f j  6 A - ~ 1 7 6  for 

each 1 _< j _< n. In fact, since gj,k 6 At (B , )  for k 6 N, we have that  for z 6 Bn, 

Igj,k(z)l < 1/(1 - N )  I. Therefore, we deduce that  

12(1 -tCkl)~M 
Ig],k(z)l(1 -I(:~1) 2 ~  < 

(1 - I z l )  =~ 

By Lemma 3.4 (ii), taking M sufficiently large, we see that  the series (4.2) is 

uniformly convergent in closed sets of Bn, and moreover I fJ (z) I -< A/(1 - ]zl) 2t, 

z 6 Bn, for some constants A > 0; that  is, f j  6 A -~  

Next we show that  there are positive constants e, C such that  the "tube" 

S(F; e, C) satisfies the conclusion of the theorem. To this end, let k > 0 and let 

u = ( u l , . . . ,  u , )  be a unit vector in C n. Then there exists a j (1 < j _< n) such 

that uj > 1 /v~ .  For this fixed j ,  consider the Taylor expansion of f j ( z )  at ~k- 

One can verify that,  in view of (4.1) and (4.2), 

oo 

fj(z) = ~(A(1 - I~kt))-m~(zj - Cj,k) ~ + ~ C,(z-  Ck)', 
IIl>_mk Tnk 

where nk = mk /2  if mk is even and nk = (mk + 1)/2 if mk is odd; Cl'S are 

complex numbers. From the above expansion, we deduce that for w 6 B1 C C, 

(4.3) Fj(w) := fj(r + uv~(1  - Ir = , ~ m ~  + ~ b S ,  
j>mk +nk 

where el = eo2U~ k v/A -ink and bj's are complex numbers. Noting that )~ < 1/n, 
we obtain that  

(4.4) ~1 > ~ (1 /v~ )m~(1 /vr~ )  -ink = ~0 ~. 

Let 

d~ = min{1, dist(0, F 7 1 ( 0 ) \ { 0 } ) }  

and set Gj(w) = F j (w) /w  mk. Then IGj(w)t < A/(1 -I~kt)  B for some constants 

A, B > 0 on Iwl = 1 and thus in Iwl < 1 by the maximum modulus theorem. 

Also let Hi(w) = Gj(w) -Gj(O) .  Then by (4.3), we see that Hi(w) has a zero at 

w = 0 of order at least nk. Note that IHj(w)l <_ A/(1  - I~kl) B for some constants 

A, B > 0 on Iwl < 1. We have, by Lemma 3.3, that 

A 
IHj(w)l <- (1 -I~kl) Blwl"k 
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on Iw[ _< 1. Thus, i f a  r 0 is a zero of Fj(w) in [w[ < 1, then Gj(a) = 0 and thus 

[Hj(a)l = IGj(0)I = el > eg 

by (4.3) and (4.4), from which it follows that  

la[ nk >_ IH3(a)]A-l(1 -[~kD B 

and thus that  d'~ k > e(1 - [~kD c for some constants e,C > 0, which implies 

d~u k > e(1 -I(),1) c.  

Therefore, 

1 d (4.5) d~, > el/ink(1 -ICkl) c / ~ k  := X k, 

where 0 < e < 1 and C are two constants. Note that  Gj(w) has no zero in [w[ _< 

~dk by the construction of du. Recall the following result from the Carath6odory 

theorem (see, e.g., [L]): If h is holomorphic and has no zero in [w I <__ R with 

h(0) = 1, then 

2r 
_ - - - l o g  {Ih(w)l } for r logih(w)l > R -  r I~=~ Iwl < < R. 

Applying it to Gj(w) in I w] _< ldk  we deduce that  for Iwl <_ d~ < �89 

G~(w) S 
max I Gj(0) J ]  log Gj(0)l_> 12--A- log(iwl=d /X_ 

which implies that  IGj(w)l >_ e(1 - I~kl)  C for some cons tan t s  e , C  > O. In  

particular, for ]w[ = dk, 

IFj(w)l  = [wmkaj(w)l 
> {Ael/mk (1 --I~kl)C/~"}~e(1 - I ( :k l )  c _> e(1 -I~'kl) c 

for some e, C > 0 by virtue of (4.5) and Lemma 3.4(i). 

So far we have proved that  for a given unit vector u E C n, there exists a j 

(1 _< j _< n) such that  Ifj(~k + uv~(1 - [r _> e(1 -- [~kD c on I w] = dk, 
where the constants e, C are independent of u and k. Therefore, for z E Bn with 

Iz - Ck[ = v~(1 - I~kl)dk, we always have 

IF(z) l  = IL (z ) l  2 > e(1 -I~'kl) c >_ e(1 - I z l )  c 
\ j = l  " 
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for some e, C > O. Now consider the neighborhood 

Uk := {z E Bn : I z - (~l -< v~(1 - ]Ckl)dk} 

of(k. By the above result, we know that  [F(z)l _> e(1 -[zD c on OUk. Recall that  
S ( f ; e , C )  = {z e Bn : If(z)[ < e ( 1 ,  Izk[)c}. Thus the connected component 

Vk of S(F; e, C) containing (~ is clearly contained in Uk. By the construction 

of dk, we see that Uk, and thus Vk, has diameter less than A(1 - I(kl) and does 

not contain other points of V. Finally, if m > n, we can easily add m - n entire 

functions f n + l , . . . ,  fm so that F = (fl ,  f~ , . - . ,  fro) satisfy the conclusion of the 
theorem. This completes the proof of the necessity. 

To prove the sufficiency, let Vk be the connected component of S(F; e, C) con- 

taining (k- Suppose {akd} C l -~176 is a given multi-indexed sequence with 

rnk-1 A 

E (A(1 -Kkl))qak,ll _< (1 -I kl) B 
II1=o 

for some constants A, B > 0. We define an analytic function 7 : S(F; e, C) -+ C 

by 
f ~-~mh- 1 

7(z) = ~ z-~111=~ akd(z -- ~k)1' if z E Vk; 
[ 0, if z E S(F; e, C) \ Uk~N Vk. 

Then it is clear that  %,1 = ak,1 for k E N and 0 _< ]I I _< mk - 1. Since 

Iz - ~k[ _< A(1 -- [~k[) on Vk by the assumption of the theorem, we see that,  for 

z e Vk, 
ink--1 A 

I (z)l _< (A(1 -]r _< 
(1 -ICkl) B" II1=o 

Note that  for z E Vk, 

1 - 1 r 1 6 2  

or 1 - I~kl --> (1 -- N) / (1  + A). We deduce that  

A 
(4.6) 17(z)l < 

(1 - I z D  B 

for some A ,B  > 0 for z E Vk and thus for all z E S(F,e,C),  since 7(z) = 

0 for z E S(F; e, C ) \  UkeN Vk. We will extend 7 to a holomorphic function 

in A-~176 by L2-estimates for 0 equations (cf. [BT], [H] and [KT]). Since 

Ofj/Ozi e A-~ 

(z) < ( 1 - I z l )  B 
i=1 
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for z 6 Bn and someA,  B > 0. Take a small el < e a n d a l a r g e C 1  > C. We 

assert that the distance d(z) of a point z 6 S(F; el, C1) to the complement of 

S(F; e, C) satisfies 

(4.7) d(z) > ~2(1 - I z l )  c= 

for some small e2 < el and large C2 > C1. Otherwise there would be a w on the 

boundary of S(F;  e, C) such that [w-z  I <_ e2(1 - [z[)  C2. Then for each 1 _< j _< n, 

fo 1 (w z)t)dt[ 
d f j ,  

If.~(w) - L ( z ) [  = --~-~,z . '  - 

_< Iw - zll ~z tZ + (w - z)t)dt[ 
i = 1  

A 
_< e2(1 - I ~ 1 )  c' (1 - Izl) B"  

Ifj(w)l < Ifj(z)l + If~(z) - f~(w)l 

_< el(1 - [z[) c '  + e2(1 - [z[) C2 A 
(1 - I z l )  B 

and thus 

IF(w)l = [fj(w)[ 2 _< e(1 - I z l )  c 

if el, e2 are taken sufficiently small and C1, C2 sufficiently large. It contradicts 

the choice of the point of w. Now we can use the Whitney theorem (see, e.g., 

[BG1, p. 18]) to choose a cut-off function X 6 C ~ such that 0 _< X -< 1, 

A 
10XI <_ A(d(z)) -1 <_ 

(1 -Izl)" 
for some A, B > 0, X = 1 on S(F; el, C1) and )C = 0 on a neighborhood of the 

complement of S(F; e, C). Note that r := 70X is a c5 closed form. By virtue of 

(4.6) and the fact that tF(z)l >_ el(1 - ] z [ )  C1 for z 6 supp(r we see that for 

each a > 0 there exists a/~ > 0 such that 

B (1 - - <  ~ .  
Ir l 2 [z[)~dm(z) 
IF(z)l  ~ 

By Theorem 2.6 in [KT] there exist 0 closed (0, 1)-forms r 42 , . . . ,  Cm and some 

q > 0 such that  r = r +""  + Cmfm and 

B [r -[z[)qdm(z) < c~. 
n 

Then 
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Thus by HSrmander 's  theorem [H], there exist solutions r to the 0 equations 

0r = r satisfying the L2-estimate: 

/B Ir - ~ .  Izl)qdm(z) < 
n 

Define f = 7X - ~5~1 r Then 

m 

0Y = ~ox - ~ Y~Or = r - f5r = o 
j=l  j= l  

and furthermore 

fB If(z)12(1 --Izl)Adm(z) < (x:) ~ 
n 

for some A > 0, which implies that  f is in a weighted Bergman space and thus in 

A-~ By checking the Taylor expansion of f about  ffk, we easily see that  

fk,r = 7k,I = ak,i for k E N and 0 < I11 _ m k  -- 1. This shows that  V is an 

interpolating variety for Ap(Cn) .  II 
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